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We have performed a numerical simulation of a two-dimensional Eden model with random-size particles. In the
present model, the particle radii are generated from a Gaussian distribution with mean µ and standard deviation σ. First,
we have examined the bulk packing fraction for the Eden cluster and investigated the effects of the standard deviation
and the total number of particles NT. We show that the bulk packing fraction depends on the number of particles and the
standard deviation. In particular, for the dependence on the standard deviation, we have determined the asymptotic value
of the bulk packing fraction in the limit of the dimensionless standard deviation. This value is larger than the packing
fraction obtained in a previous study of the Eden model with uniform-size particles. Secondly, we have investigated
the packing fraction of the entire Eden cluster including the effect of the interface fluctuation. We find that the entire
packing fraction depends on the number of particles while it is independent of the standard deviation, in contrast to the
bulk packing fraction. In a similar way to the bulk packing fraction, we have obtained the asymptotic value of the entire
packing fraction in the limit NT → ∞. The obtained value of the entire packing fraction is smaller than that of the bulk
value. This fact suggests that the interface fluctuation of the Eden cluster influences the packing fraction.
1. Introduction
A rich phenomenon that particles of various sizes form
clusters exists in nature. Typical examples include wet granu-
lar materials,1) bacterial colonies,2) and food.3) One of the im-
portant factors in discussing the physical properties of these
clusters is how much the inside of the cluster is filled with
constituent particles. Such a space-filling problem has a long
history and has been studied both mathematically and from
the point of view of physics.4–7)
In the past, numerical and theoretical studies have been
made of cluster growth using discrete and continuous mod-
els.8) The Eden model was initially introduced by Eden in
1961 to describe the growth of biological cell colonies.9) It
is a simple model that produces clusters that are compact but
whose growing interface is comparatively rough because of
the stochastic growth process. In particular, its growing inter-
face is known as a typical problem in the fluctuation statistics
of a nonequilibrium system.10–12) Generally, these studies are
applied to particles of equal size, although in the real world,
the constituent particle sizes are distributed randomly. How-
ever, hitherto there has been no theoretical study focusing on
the situation where the particle size is random, although bulk
properties of this model have been investigated quantitatively
from the viewpoint of pattern formation such as the compact
structure13) and the packing fraction.14) Wang et al.14) dis-
cussed the packing fraction of the Eden model with uniform-
sized particles.
In this paper, we report a numerical study of the packing
fraction of a two-dimensional Eden model with random-sized
particles that are chosen according to a Gaussian distribution.
The study is organized as follows. In Sec. 2, we describe the
growth rule of the model and the method of numerical sim-
ulation. The result of numerical simulations is shown in Sec.
3. Then, we also discuss the asymptotic values of the packing
fraction based on our numerical data in Sec. 3. A conclusion
and future problems are given in Sec. 4.
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Fig. 1. Eden cluster with random-sized particles. The parameters are NT =
10000, µ = 1, and σ = 0.1.
2. Growth Rule and Numerical Method
The growth rule of the Eden model is very simple and the
cluster growth is described as follows. Let us start from a disk
particle (seed) with a certain radius. We prepare a new disk
particle with a certain radius, place it in a direction chosen
randomly with equal probability so as to be in contact with
the seed, and it is incorporated into the cluster. In the next, we
randomly select one of those particles from the cluster with
equal probability, and we place a new particle in a direction
chosen randomly with equal probability so as to be in contact
with the selected particle. The above process is repeated with-
out overlapping any particles in the cluster. Note that if a parti-
cle overlaps with other particles in the clusters, these particles
should be randomly selected again so that the Eden cluster
grows without any particles overlapping. The present growth
rule belongs to Eden model version C.15) However, while the
original Eden model is lattice-dependent, the present model is
an off-lattice one.
For random-sized particles characterized by a Gaussian dis-
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Fig. 2. Linear plot of φ vs R for for random-size Eden model with µ =
20, σ = 2.0, and NT = 50000.
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Fig. 3. Linear plot of φ vs NT for random-size Eden model with µ = 20
and σ = 3.0. The data shown are for R = Rmax/4, Rmax/2, and 3Rmax/4.
tribution, the probability density function of particle radius r
is given by
f (r; µ, σ2) =
1√
2piσ2
e−(r−µ)
2/2σ2 , (1)
where −∞ < µ < ∞ and σ > 0 are the mean and standard
deviation, respectively, of the radii. In the present simulation,
the particle radius is generated by applying the Box–Muller
algorithm.16) In addition, because the particle radius must be
nonnegative, the parameters of the Gaussian distribution, es-
pecially the standard deviation σ, known as the width param-
eter, are adjusted so that the particle radius does not generate a
negative value. Figure 1 shows a typical two-dimensional ex-
ample of the present model with the total number of particles
NT = 10000. We examine the packing fraction of the present
model by using our simulation data in the next section.
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Fig. 4. 1/NT plot of the estimated values of φR with µ = 20 and σ = 3.0.
The symbols are the same as in Fig. 3.
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Fig. 5. Estimation of the linear fitting of the upper three plots in Fig. 4. The
symbols are the same as in Fig. 3. The vertical intercepts are 0.674, 0.676, and
0.672 for R = Rmax/4 (line), Rmax/2 (dotted line), and 3Rmax/4 (dashed line),
respectively.
3. Results and Discussion
The packing fraction φR of the present model using the area
of particles A j( j = 1, 2, · · · ,NT) is defined as follows:
φR =
∑
j A j
AR
, (2)
where AR is the area of the disk region with radius R centered
on the seed particle and the sum is taken over all particles
existing in the disk region with radius R. If there are particles
crossing the boundary of the disk region, the packing fraction
φR is computed including these areas. In fact, whether or not
particles crossing the boundary are included has little effect
on the value of φR. Obviously, the closer φR is to 1, the denser
the interior of the cluster. In the following simulation results,
the packing fraction φR averaged from 50 trials is shown.
Figure 2 shows linear plots of the packing fraction φR vs the
radius R with µ = 20, σ = 2.0, and NT = 50000. Here Rmax is
the distance from the seed particle to the edge of the outermost
particle. The packing fractions φR calculated inside the Eden
2
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Fig. 6. Linear plot of φR vs. σ for random-size Eden model with
µ = 20 and R = Rmax/4. The data shown are for NT =
1000, 10000, 20000, 30000, 40000, and 50000.
cluster are all larger than the packing fraction with R = Rmax.
In addition, there is little difference among the various radii
R inside the cluster. This fact suggests that the fluctuation of
the interface of the Eden cluster influences the packing frac-
tion. Therefore, for comparison with another model from the
viewpoint of the space-filling problem, our discussion in Sect.
3.1 focuses on the packing fraction of the bulk structure of the
Eden cluster. The packing fraction including the effect of the
interface fluctuation of the Eden cluster is discussed in Sect.
3.2.
3.1 Bulk packing fraction of the Eden cluster
Figure 3 shows the dependence of the packing fraction on
the total number of particles with µ = 20 and σ = 3.0. It is
confirmed that the packing fraction for each R increases as
the number of particles NT increases. However, it seems that
the packing fraction saturates for large NT. In fact, φR=Rmax/4 =
0.656, 0.660, and 0.663 for NT = 30000, 40000, and 50000,
respectively. On the other hand, the curves for each R in Fig.
3 are almost the same. This result indicates that the packing
fraction is almost independent of R for large NT. In Fig. 3, as
the total number of particles increases, the packing fraction
tends to asymptotically converge to a certain value. In the field
of critical phenomena, the 1/NT plot is known as a method
for evaluating the asymptotic behavior of a certain value.17)
Here, we evaluate the asymptotic value of the packing fraction
φR using the 1/NT plot. Figure 4 shows the 1/NT plot for the
packing fraction with µ = 20 and σ = 3.0 in Fig. 3. We have
made a linear fitting of the upper three plots, as shown in Fig.
5, and obtained an average value of 0.674 from the vertical
intercepts of the three slopes in Fig. 5. This asymptotic value
of 0.674 is almost the same as the value with large NT in Fig.
3.
Figures 6-8 show the dependence of the packing fraction on
the standard deviation for R = Rmax/4,Rmax/2, and 3Rmax/4,
respectively. These figures show the following similar trend.
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Fig. 7. Same as Fig. 6 for the radius R = Rmax/2.
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Fig. 8. Same as Fig. 6 for the radius R = 3Rmax/4.
As σ increases, our data for large NT except for NT = 1000
and 10000 show that φR has a positive correlation with σ.
For example, Fig. 9 shows the linear plot of φR vs σ using
the data for NT = 30000 in Figs. 6-8. As σ increases, the
probability that a particle radius smaller than the average par-
ticle radius is generated increases. Consequently, the packing
fraction becomes large as these particles are placed inside the
Eden cluster. Because of the symmetric shape of the Gaussian
distribution, particles larger than the average particle radius
are also generated. However, because these particles are dif-
ficult to place inside the cluster, they have little effect on the
packing fraction.
The value of φR satisfies 0 < φR < 1 on the basis of Eq. (2).
Thus, it is expected that φR gradually approaches an asymp-
totic value as σ increases. To obtain the asymptotic value of
3
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Fig. 9. Linear plot of φR vs σ using the data for NT = 30000 in Figs. 6-8.
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Fig. 10. Linear plot of φR vs. σ/µ with NT = 30000 and R = Rmax/4.
the packing fraction, it is necessary to simulate our model for
large σ. However, for large σ, a particle radius with nonphys-
ical negative values may be generated by the Gaussian distri-
bution. If µ is increased, the particle radius does not become
a negative value. Because the packing fraction for the Eden
cluster is independent of the average particle size µ, we use
the dimensionless standard deviation σ/µ instead of σ.18–20)
Figure 10 shows the linear plot of φR vsσ/µwith NT = 30000
and R = Rmax/4 as an example. From the figure, it appears that
the packing fraction is gradually saturated as σ/µ increases.
However, note that a negative radius appears in the simulation
whenσ/µ > 0.20. Thus, in the same way as in Fig. 4, we have
made a 1/(σ/µ) plot for the packing fraction and investigated
the linear fitting of the upper three plots as shown in Fig. 11.
The vertical intercept of the line in Fig. 11 yields the asymp-
totic value of φR = 0.703. Similarly, we obtain φR = 0.710
and 0.699 from the vertical intercepts for R = Rmax/2 and
3Rmax/4, respectively.
These asymptotic values φR are considerably smaller than
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Fig. 11. Estimation of the linear fitting of the upper three plots of 1/(σ/µ)
plot based on Fig. 10.
Fig. 12. Random-size Eden cluster with NT = 3000. The filled circles
represent the particles constituting the Eden cluster with NT = 2500. On
the other hand, the unfilled circles represent the particles generated between
NT = 2500 and 3000. Note that the circles exist in the bulk of the clus-
ter, whereas the active particles exist on only the cluster boundary found by
Wang et al.14)
φ = 0.78, which was conjectured for the two-dimensional
random loose-packed limit.21) On the other hand, the value
of φR’s are larger than φ = 0.547 for our model evaluated in
the random sequential adsorption (RSA) configuration, which
is generated by sequentially placing disks of equal size ran-
domly into a region without overlapping.22) As a more direct
comparison, φ = 0.65 was obtained in a previous study of the
two-dimensional Eden model byWang et al.14) While the par-
ticle radius in the study of Wang et al. was constant, that in
the present model has the Gaussian distribution given by Eq.
(1). This fact implies that the particles in the present model
tend to aggregate inside the Eden cluster as shown in Fig.
12. From the viewpoint of the space-filling problem, Shi and
Zhang simulated the random loose packing process of spheri-
cal particles whose radius has a Gaussian distribution.23) They
reported that the standard deviation of the Gaussian distribu-
tion had little effect on the packing structure. Our result is
4
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Fig. 13. Linear plot of φR vs. NT for random-size Eden model with µ = 20.
The data shown are for various values of σ = 1.5, 2.0, 2.5, 3.0.
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Fig. 14. Estimation of the linear fitting for the upper three 1/NT plots with
µ = 20 and σ = 1.5 based on Fig. 13.
not consistent with the result of Shi and Zhang. On the other
hand, Sohn and Moreland experimentally measured the pack-
ing fraction of sand particles with radius having a Gaussian
distribution.18) They obtained the packing fraction as a func-
tion of the standard deviation. In addition, the theoretical re-
sults obtained by Ouchiyama and Tanaka19) and Yu and Stan-
dish20) showed that the packing fraction of particles with ra-
dius having a Gaussian distribution also depends on the stan-
dard deviation. The behavior of the packing fraction for our
model is consistent with these results.
3.2 Packing fraction and interface fluctuation
In this subsection, we examine the effect of the interface
fluctuation of the Eden cluster. The packing fractions dis-
cussed above were based on Eq. (2). Let us consider the pack-
ing fraction for the condition R = Rmax.
Figure 13 shows the dependence of the packing fraction on
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Fig. 15. Linear plot of φR vs. σ for random-size Eden model with µ = 20.
The data shown are for NT = 1000, 10000, 20000, 30000, 40000, and 50000.
the total number of particles for µ = 20. In a similar way to
the bulk case, it is also confirmed that the packing fraction
for each σ increases as the number of particles NT increases.
In addition, the curves for each σ in Fig. 13 are all similar.
To obtain the asymptotic value of the packing fraction from
the data in Fig. 13, we make a 1/NT plot and investigate the
linear fitting of the upper three plots as shown in Fig. 14. As
a result, we obtain the value φR = 0.549 from the vertical
intercept of the line in Fig. 14. In the same way, we obtain
φR = 0.580, 0.551, and 0.563 from the vertical intercepts for
σ = 2.0, 2.5, and 3.0, respectively. This result implies that the
packing fraction is almost independent of the standard devia-
tion, unlike the bulk packing fraction. In fact, Fig. 15 shows
the dependence of the packing fraction on the standard devi-
ation with R = Rmax. For 0 < σ < 1, the packing fraction φR
has a slightly positive correlation with σ. However, as σ in-
creases, our data for large NT show that φR fluctuates around a
constant value. In the present model, most generated particles
aggregate in the vicinity of the interface and contribute to the
growth of the rough interface, which is a characteristic prop-
erty of the Eden model (see Fig. 12). Such interface fluctua-
tion has a large influence on decreasing the packing fraction,
as be seen from the definition in Eq. (2), and this influence
is greater than the contribution to the packing fraction by σ.
Thus, the σ dependence of the packing fraction is different
from that inside the cluster.
4. Conclusion
In this study, we have reported numerical results for the
packing fraction φR, defined by Eq. (2), of the Eden model
with random-sized particles in two dimensions. First, for
comparison with another model from the viewpoint of the
space-filling problem, we examined the bulk packing fraction
for the Eden cluster. It was confirmed that the bulk packing
fraction depends on the number of particles and the standard
deviation. In particular, for the dependence on the standard
deviation, we determined the asymptotic value of the bulk
packing fraction to be φR = 0.703 by evaluating the 1/(σ/µ)
plot (see Fig. 11). This value is larger than the packing frac-
5
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tion obtained in a previous study of the Eden model with
uniform-sized particles.14)
Secondly, we discussed the packing fraction of the Eden
cluster including the effect of the interface fluctuation. The
packing fraction with R = Rmax depends on the number of
particles. In order to find the asymptotic value of the pack-
ing fraction with R = Rmax, we evaluated the 1/NT plot (see
Fig. 14). Then, we obtained the asymptotic value φR = 0.549,
which is smaller than the bulk packing fraction. This fact sug-
gests that the interface fluctuation of the Eden cluster influ-
ences the packing fraction. On the other hand, the packing
fraction with R = Rmax is independent of the standard devia-
tion, in contrast to the bulk packing fraction.
In the present study, we assumed a Gaussian distribution
as the fluctuation distribution for the particle size in the Eden
cluster, but considering the phenomena of a complex system,
it is natural to assume a lognormal distribution as the statis-
tical property of the fluctuation distribution24) for bacterial
cells,25) and food bolus,3) and so form. For a food bolus, it
has been confirmed that the physical properties of the bolus
and the size distribution of its constituent particles are closely
related. From this point of view, the Eden model discussed in
the present study is a suitable model for theoretically and nu-
merically analyzing it. There have been previous studies on
the packing fraction assuming a lognormal distribution in the
random packing problem26, 27) but not in the Eden model. One
of the most future tasks is to study physical quantities such as
the packing fraction while changing the distribution function.
There is a possibility that the packing fraction of the present
model can be further increased. One way is to change the
number of times NB a direction is searched for when a new
particle makes contact with a particle in the cluster. In the
present model, NB = 1. We will show that the packing frac-
tion increases as NB increases in the future.
In Sect. 3, we suggested that the roughness of the Eden in-
terface affects the packing fraction of the entire cluster. Note
that the packing fraction may change as a result of the poor
convergenceof the off-lattice Edenmodel. Jullien and Botet28)
simulated the off-lattice Eden model, where particles were se-
lected with equal probability at any position where they are
in contact with the growing cluster. That is, their off-lattice
model was based on Eden model version A, which has poor
convergence in the time evolution of its numerical simula-
tion.15) In this simulation, the active zone, which is the re-
gion where the new particles are aggregated, inside the clus-
ter remains for a long time.8) On the other hand, in the model
of Wang et al.14) based on Eden model version C, the active
zone inside the cluster has a relatively large probability of be-
ing eliminated.8) This indicates that the structure of the cluster
in the model of Wang et al. tends to be denser than that in the
model of Jullien and Botet. In general, a growing Eden cluster
satisfies the scaling relation ξ⊥ ∼ R
β
, where ξ⊥ is the width
of the active zone29) and R is the mean radius of the cluster.
Note that the exponent β is called the growth exponent30) if
R ∼ t, where t the time. The model of Wang et al. yields
β ≃ 0.396.8, 14) This value is consistent with the value of β
in Kardar–Parisi–Zhang (KPZ) universality.31) On the other
hand, the model of Jullien and Botet28) yields the value of
β ≃ 0.5.8) Since ξ⊥ describes the characteristics of the time
evolution of the growing interface, one expects that ξ⊥ is re-
lated to the packing fraction φR of the cluster. A future task
will be to investigate the relation between the packing frac-
tion and the other scaling exponents of the growing cluster.
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